This paper proposes a model for pricing credit derivatives in a defaultable HJM framework. The model features hump-shaped, level dependent, and unspanned stochastic volatility, and accommodates a correlation structure between the stochastic volatility, the default-free interest rates, and the credit spreads. The model is finite-dimensional, and leads (a) to exponentially affine default-free and defaultable bond prices, and (b) to an approximation for pricing credit default swaps and swaptions in terms of defaultable bond prices with varying maturities. A * Corresponding author.
Introduction
Following the events of the recent financial crisis, both the regulators and credit risk modellers have attributed special attention to better understand credit risk markets and to further advance the models used to price and hedge the highly risky elusive instruments traded in these markets. Several key characteristics of the interest rate markets which are closely related to the credit risk markets have been identified in the literature. These markets feature unspanned stochastic volatility (Casassus, CollinDufresne and Goldstein (2005) and Li and Zhao (2006) ) which is hump-shaped (Reno and Uboldi (2005) ). By using a default-free term structure model, Trolle and Schwartz (2009) identified unspanned volatility components and demonstrate that both humpshaped term structure and unspanned stochastic volatility components are necessary to satisfactory match the implied cap skews and the implied volatilities. Furthermore, innovations in interest rates are correlated with innovations in interest rate volatility (Ball and Torous (1999) ) as well as to innovations in the credit spreads (D'Souza, AmirAtefi and Racheva-Jotova (2004) and Berndt, Ritchken and Sun (2010) ).
Motivated by the prevalent empirical evidence, we propose a generalised defaultable term structure model within the Heath, Jarrow and Morton (1992) (hereafter HJM) framework that accommodates unspanned hump-shaped stochastic volatility. By construction, the model is consistent with the currently observed yield curve and credit spread curve. The connection between the default-free and the defaultable market is established through the credit spread (Schönbucher (1998) ), which allows us to accommodate a correlation structure between the interest rates, the credit spreads and the stochastic volatility.
It is well-known that these models are Markovian in the entire yield curve and credit spread curve thus requiring an infinite number of state variables. Consequently, we propose a generalised volatility specification for the default-free and the defaultable term structure that leads to finite dimensional realisation of the state space, along the lines of Björk, Landén and Svensson (2004) , Chiarella and Kwon (2000) and Chiarella, Nikitopoulos-Sklibosios and Schlögl (2007) . The proposed volatility structure allows for level dependency and hump-shaped shocks and it is driven by an exogenous Markov process. In this regard, our model can be considered as an extension of the Berndt et al. (2010) model to accommodate unspanned stochastic volatility. Motivated by the empirical evidence presented in Chan, Karolyi, Longstaff and Sanders (1992) , Amin and Morton (1995) and Mercurio and Moraleda (2000) , the volatility structure depends on the level of the short rates and the short-term credit spreads. Under these volatility specifications, the model offers tractability and flexibility as it allows (default-free and defaultable) bond prices to be expressed as exponentially affine functions of state variables which are jointly Markovian. Although the model gives rise to a large yet finite number of state variables, their Markovian structure guarantees that the computational cost remains low. We also derive pricing formulas for single-name credit default swap rates (hereafter CDS rates) and swaptions. Based on approximations proposed by Brigo and Morini (2005) , CDS rates are expressed in terms of defaultable bond prices with varying maturities. Following the methodology of Rutkowski and Armstrong (2009), swaptions are also priced by using a Black-type formula.
We finally undertake an extensive sensitivity analysis aiming to gauge the impact of the full correlation structure and the stochastic volatility specifications on the distribution of the defaultable bond prices, on the CDS rates and on the swaption prices. The results indicate that the correlation between the interest rate and credit spread impacts the CDS rate and consequently the swaption prices, similar to the results derived by Berndt et al. (2010) but the impact of the stochastic volatility process parameters is more profound.
The model offers a general yet tractable framework to analyse and measure the extent to which volatility can be spanned in credit risk markets. To our knowledge there is no empirical study on this very important feature of credit risk volatility. This paper provides a theoretical framework based on a state space representation that could be adapted to the study and estimation of stochastic volatility in defaultable markets. This task we leave to future research.
The paper is structured as follows. Section 2 presents a defaultable term structure model with unspanned stochastic volatility. Section 3 proposes a volatility term structure that produces finite dimensional realisations and exponentially affine defaultable bond prices. Section 4 considers the pricing of credit default swaps and credit default swaptions. The sensitivity analysis is carried out in Section 5. Technical details are relegated to the appendices.
A Defaultable Term Structure Model with Stochastic Volatility
We consider the filtered probability space (Ω, ℱ , (ℱ ) 0≤ ≤ , ℙ), where the filtration ℱ = ℱ ∨ ℱ , ≥ 0 satisfies the usual conditions. We represent with ℱ all the default-free background information generated by a standard ℙ−Wiener process ( ), where ℙ is the real-world probability measure and ℱ captures the default information where the default time is modelled as a stopping time defined by the first jump time of a Cox (doubly stochastic Poisson) process ( ) with intensity ℎ( ).
The price at time of the zero-coupon default-free and zero-recovery defaultable bond with maturity > are denoted as ( , , ) and ( , , ) respectively, where ∈ Ω represents the dependence on stochastic factors such as default-free short rates, defaultable short rates and volatility.
Definition 2.1 1. The instantaneous default-free and defaultable forward rate of interest prevailing at time ∈ [0, ] for instantaneous borrowing at , are defined respectively as
2. The instantaneous default-free and defaultable short rate are then defined respectively as ( , ) = ( , , ) and ( , ) = ( , , ).
3. The continuously compounded instantaneous forward credit spread is defined as
thus the instantaneous short-term credit spread is defined as ( , ) = ( , , ).
To allow for various factors in the economy or in the market to impact the dynamics of the forward rate and credit spread, we propose a multi-dimensional setup embedding a stochastic volatility process V( ). We assume that the default-free forward rate curve is driven by sources of uncertainty, while the (apparently larger) defaultable forward rate curve will be driven by 2 sources of uncertainty. The volatility of these forward rate curves, in general, is driven by a total number of 3 sources of uncertainty, subject to the correlation structure between the forward rates and their volatilities. 
The stochastic volatility process V( ) = {( 1 ( ), . . . , ( )), ∈ [0, ]} satisfies the set of the stochastic differential equations
where, for = 1, . . . , , = 1, 2, 3 and for ( ) 2 ∕ = 1, the correlation parameters are given by
Then from (2.3), the defaultable forward rate follows the stochastic differential equation 9) where˜ ( , , ) = ( , , ), for = 1, . . . , and zero otherwise, whilẽ
(2.10)
The system (2.4), (2.9) and (2.7) entails the element of unspanned stochastic volatility in a traditional defaultable HJM framework. The defaultable forward curve is driven by 2 factors, where of these factors are associated with the default-free term structure.
However, volatility sensitive instruments, such as interest rate derivatives and credit derivatives, will be affected by the 3 factors associated with their volatilities. Thus of stochastic differential equations driven by correlated Wiener processes and express it as a system of stochastic differential equations driven by independent Wiener processes as presented in Assumption 2.1.
The correlation between the short rate and the short-term credit spread shocks is denoted by , the correlation between the short rate and volatility shocks is denoted by and the correlation between the short-term credit spread and volatility shocks is denoted by .
the proposed model, subject to the specific correlation structure, allows for up to unspanned stochastic volatility factors that may affect only (interest rate and credit) derivative prices.
The absence of arbitrage implies that there exists an equivalent probability measurẽ ℙ where, for every maturity , there is a 3 −dimensional process representing the market price of diffusion risk Φ( ) = {( 1 ( ), 2 ( ), . . . , 3 ( )), ∈ [0, ]}, and a process ( ) representing the market price of default risk such that ˜ ( ) = ( ) − ( ) , for = 1, 2, . . . , 3 , is aP-Wiener process and the default indicator process ( ) has aP-intensityh( ), whereh( ) = ( )ℎ( ). Using Girsanov's theorem, and working along the lines of Heath et al. (1992) and Björk, Kabanov and Runggaldier (1997) , the drift restriction for the HJM default-free forward rate and defaultable forward rate, respectively, are 12) where ( , , ) = ( , , )+ ( , , ) and˜ ( , , ) =˜ ( , , )+˜ ( , , ). By combining (2.11) and (2.12), the credit spread drift is expressed in terms of the volatilities of the default-free forward rate and the credit spread as (recall that˜ ( , , ) = ( , , ), for = 1, . . . , and zero, otherwise)
) .
By substituting the drift restrictions (2.11) and (2.13) into (2.4) and (2.5), respectively, we obtain the dynamics for the forward rate and forward credit spread processes under the risk-neutral measure as
Further, by substituting the drift restriction (2.12) into (2.9), the risk-neutral dynamics of the defaultable forward rate are
Accordingly the risk-neutral dynamics for the volatility processes ( ), = 1, . . . , are
By integrating (2.14) and (2.15) and setting = , the risk-neutral dynamics of the short rate and short rate spread are
Under general volatility functions, the default-free and the defaultable forward rate dynamics are typically Markovian in the entire yield curve, thereby leading to computational complexity when considering derivative pricing.
A Markovian Defaultable Term Structure Model
Motivated by Chiarella and Kwon (2001) and Björk et al. (2004) , we propose next certain volatility structures that guarantee that the defaultable HJM term structure model admits finite dimensional realisations.
Assumption 3.1 The volatility functions are of the form
where , , 0 , 1 , 0 and 1 are constants.
This class of volatility functions gives rise to a high degree of flexibility in modelling the wide range of shapes of the yield curve by virtue of the polynomial in the deterministic 2 For notational convenience we set (0, ) := (0, , ) and (0, ) := (0, , ).
part. These volatility specifications are level dependent, allow for hump-shaped shocks and entail unspanned stochastic volatility. We remind the reader that the dependence on the default-free short rate, the short-term credit spread and volatility is represented by ∈ Ω.
Proposition 3.1 Under the volatility structure of Assumption 3.1, the default-free forward rate and the forward credit spread are respectively expressed as
Thus, the defaultable forward rate ( , , ) is expressed as
where 8) and the state variables ( ) and Φ ( ) satisfy the stochastic and ordinary differential equations given in Corollary 3.2.
Proof: See Appendix A for technical details. ■ Corollary 3.2 The state variables ( ) and Φ ( ) satisfy the stochastic differential
subject to the initial conditions (0) = Φ (0) = 0 for = 1, ..., and = 1, ..., 20.
Proof: Take the stochastic differential of (A.4), (A.10) and (A.12) in Appendix A to obtain the stochastic differential equations. ■ Note that the system in Corollary 3.2 needs to be augmented by the stochastic differential equations for the volatility functions ( ) that satisfy the SDEs (2.17) as well as the Markovian representation for the short rate and short term credit spread given in the following colollary.
Corollary 3.3 The short rate and the short term credit spread can be expressed as 
respectively, where ( ) and Φ ( ) are specified in Corollary 3.2. The deterministic functions ( − ) and Φ ( − ) are given by
,
] ,
14)
)]} ,
} ,
] , 15) and finally we have
] , 
Pricing of Credit Default Swaps and Swaptions
By using the proposed defaultable term structure model, we derive pricing formulas for single-name credit default swaps (CDS hereafter) and credit default swaptions in the absence of counterparty risk. 
Credit Default Swaps
A CDS contract with maturity allows the insured party to receive protection, up to time , from the insurer against default of the reference obligor. When the default time is < ≤ , then the insurer makes the protection payment (1 − ℛ) at , where ℛ is the recovery rate. Then at < , the value of the protection leg is
The insured party pays the premium at times , = 1, 2, ...., until either the contract maturity = , if no default occurs, or until default, if ≤ . By denoting as = −1 − , then the value at time < 1 of the premium leg, including the accrual payment for the fraction of time in which default occurs, is given by
where 1 is the first premium payment date and −1 is the last premium payment date before the default time . Then, the value of the CDS can be expressed under the risk-neutral probability measure as The fair premium rate˜ ( ), the so called CDS spread, is the rate that will make the value of the CDS equal to zero. Working along the lines of Brigo and Morini (2005) 6 for a contract that settles immediately on default of the reference obligor, the CDS spread is given by˜
Instead of the protection payment to be made at default time , the protection payment could be deferred to the first premium payment date following default time ( > ). This gives rise to the postponed running CDS whose main advantage is that the absence of accrued-interest term in ( − −1 ) ensures that all payments occur at the canonical grid of the 's. We then have the following result.
Corollary 4.1 When the protection payment is postponed to the first premium payment date following the default time, the CDS spread can be approximated bỹ
.
(4.5)
Proof: Work along the lines of Brigo and Morini (2005) . ■
Credit Default Swaptions
Credit default swaptions (hereafter CDS options) are options written on CDS contracts. More precisely, a plain-vanilla CDS option with maturity is a European option on a forward credit default swap (hereafter forward CDS). The underlying forward CDS is a CDS contract issued at time with a start date and maturity , with 0 ≤ ≤ < . 7 This contract gives default protection over the future interval
[ , ] but if the reference obligor defaults before the start date, this is < , the contract is terminated and no payments are made. By an appropriate choice of numeraire that depends on the value of the premium leg and the survival process ℚ( < |ℱ ), Rutkowski and Armstrong (2009) define an equivalent probability measure¯ , and show that the price of the CDS option can be expressed as where˜ ( , ) is the forward CDS spread,¯ is the expectation under the¯ measure
The forward CDS spread is an (ℱ ,¯ )−martingale and its dynamics follow the driftless stochastic differential equation
where¯ is a¯ −Brownian motion.
8
Proposition 4.2 The value of a credit default swaption with strike and maturity can be calculated by the Black's formula
and¯ is constant for different tenor dates.
Proof: Work along the lines of Rutkowski and Armstrong (2009).
9 ■ Note that¯ is the only parameter to be inferred from market data. Although the model is not easily calibrated to quoted data if the market is illiquid, it provides a platform where prices of different options can be translated into implied volatilities thereby giving more information on the market.
Numerical Study
In this section, we conduct a sensitivity analysis to investigate the impact of the model parameters including correlations and stochastic volatility, on bond prices, credit default swap rates and the value of credit default swaptions.
8 We assume that˜ ( ) follows lognormal dynamics. It was remarked in Brigo and Morini (2005) that this distributional assumption is inspired by standard models used to model equity and interest rate markets. Jabbour, El-Masri and Young (2008) however rejected this hypothesis by showing that the log forward CDS spreads exhibit large positive skewness and excess kurtosis. 9 For completeness, we prove the result in the working paper version of the current paper, see
Chiarella et al. (2011).
We assume that the initial term structures of forward rate and forward credit spread are given by respectively, with the initial volatility chosen to be (0) = 1.00. We consider the case of = 1 and we specify for = 1, 2, 3 the market price of risk ( ) =¯ √ 1 ( ) with the scaling factor¯ = 1. In (2.17), we further assume that 1 ( , 1 ) = (¯ − 1 ( )) and 1 ( , 1 ) =¯ 1 √ 1 ( ) such that
where 1 is given in (2.8). Table 1 specifies the parameters values used in the analysis. Figure 1 , the proposed hump-shaped level dependent stochastic volatility model can generate a variety of shapes for the defaultable forward rate curve.
Bond Price Distributions
The defaultable bond price is exponentially affine as presented in (3.12). Figure 2 illustrates the impact of the various correlations, namely , , , as well as the volatility parameter¯ 1 on the simulated distribution of the pseudo bond price with maturity = 1.
When the correlation between the short-term credit spread and volatility, , is increased (holding the other correlations constant) the distribution of the bond price skews to the right, see Figure 2 (a). This increment is more pronounced when the correlation between the short rate and volatility, , is increased, see Figure 2 (b), since the short rate process, in our case, has higher average volatility than the short term credit spread. Increasing the correlation between the short rate and short term credit spread, , decreases the kurtosis of the bond price distribution, as Figure 2 
Sensitivity Analysis -Credit Default Swaps
The shape of the credit curves is influenced by the demand and supply for credit protection in the CDS market and reflects the credit quality of the reference entities. By using the parameter values of Table 1 , unless otherwise stated, we perform a numerical study to gauge the effect of the correlations and the stochastic volatility to the CDS spreads computed by (4.5). Table 2 depicts the effect of increasing maturity on the CDS spread (4.5), given a recovery rate of 40%, 10 for varying values of correlations and . Although Krekel and Wenzel (2006) and Berndt et al. (2010) argued that the effect of the correlation is not very significant and need not be taken into consideration when calculating CDS spreads, our results suggest that it has an impact on the CDS premium. We observe that varying the correlation from negative to positive leads to an increase in the CDS spread, while varying the correlation from negative to positive leads to a decrease in the CDS spread. The CDS spread curve exhibits a hump-shaped structure for varying maturities. During nonvolatile market conditions, the cost of protection over the longer term is usually higher as it is difficult to predict cash flows and future events that effect the profitability of a firm over a longer period thereby yielding an increasing CDS curve. Additionally a decrease in¯ 1 (that affects the volatility of volatility) leads to an increase in the CDS spread, see Table 2 .
Sensitivity Analysis -Credit Default Swaptions
To illustrate the model's properties we compute the swaption prices with varying parameters. At time = 0, we compute the price of the swaption according to (4.9)
with maturity = 0.5 issued on a credit default swap that has a defaultable bond (based on the framework developed in Section 3) with a maturity of = 2 years as its underlying and the default protection is required for the period [0.5, 2.5]. In addition,
we use the following parameters for the simulation: recovery rate ℛ = 40%, volatility of the forward CDS rate¯ = 0.4 11 with = 400. Figure 3 gives the credit default swaption price under varying strike rates and correlations and . We observe that increasing leads to a decrease in the credit default swaption rate which is in line with the market behavior that deep in-the-money options trade higher than at-the-money and out-of-the-money options. Negative correlation produces lower swaption prices, while negative correlation produces higher swaption prices.
From Figure 4 , we observe that an increase in¯ 1 leads to a decrease in the swaption prices, with the effect being more pronounced for deep in the money options. This is consistent with the results in Table 2 as an increasing¯ 1 leads to a reduction in the CDS rates. Furthermore, as the time to maturity increases, the credit default swaption becomes more sensitive to changes in the volatility specifications. The credit default swaption matures in = 0.5 years and it is issued on a credit default swap with maturity = 2 years. Increasing strikes decrease the credit default swaption prices, while, an increase in¯ 1 leads to a decrease in the swaption prices. Furthermore, as the time to maturity increases, ATM credit default swaption becomes more sensitive to changes in the volatility specifications. 
Thus, the forward rate process is Markovian and more specifically is affine in the state space variables since
where 1 ( − ) and Φ ( − ) are given in (3.6). Similarly, we recall from (2.15) that the forward credit spread dynamics under the risk-neutral measure can be written as .6) Then by using the volatility specifications of Assumption 3.1, the drift components in the forward credit spread representation (A.6) are given by (
where we introduce the additional state variables .10) where ( ) = ( ) √ ( ) ( ). We note in addition that, B Proof of Proposition 3.4
Straightforward application of (A.14) for the affine Markovian forward rate to the definition of the defaultable bond price formula,¯ ( , ) = exp
) yields ( , ) =¯ (0, ) (0, ) exp
(B.1)
We proceed to integrate the deterministic functions and Φ (See Proposition 3.1)
in the exponent with respect to maturity. Substituting equations (3.13) -(3.16) into the general exponential defaultable bond price expression (B.1) yields (3.12) in Proposition 3.4.
